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JPL PHYSICAL OPTICS SCATTERING PROGRAM

James R. Lyons

I. INTRODUCTION

This report describes a FORTRAN program developed at JPL for the calcula-

tion of the scattered pattern from a reflector of arbitrary shape. The program

written by A. Ludwig is contained in a report entitled "Calculation of Scattered

Patterns from Asymmetrical Reflectors" (Technical Report 32-1430; 2/15/70).

The JPL report stresses the following: the use of a Fourier expansion represen-

tation of the reflector surface, the possible inaccuracy of a far field assump-

tion for the fields incident on the reflector, and the use of a fast integra-

tion technique developed by Ludwig. Some good examples of the accuracy of the

program are included. A copy of the JPL report may be obtained from Rick Fisher

in Green Bank or from Sarah Martin (microfiche) in Charlottesville.

The program is actually two programs: one which calculates a scattered pat-

tern and one which computes, using a spherical wave expansion, a completely

general representation of the incident field pattern. The programs will be re-

ferred to as SCAT and SWE, respectively.

The method of surface specification has been altered to that of tabular

form and the integration routine has been slightly adjusted to better handle

reflector edge contributions. No major changes have been made to the SWE program.

SCAT employs the technique of physical optics to calculate the scattered

field. The program takes the Fourier transform, using a fast integration tech-

nique,of an array of induced current dipoles.

. The incident field representation provided by the SWE program allows ac-

curate calculations to be made even with the reflector well into the near field

of the source. Input into the SWE program is the far field source pattern,

such as those typically measured on an antenna range. The far field form of
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spherical waves is matched to the (far field) incident pattern. Backing up into

the near field, the SWF accurately approximates the transverse and radial com-

ponents of the electric field.

(An attempt has been made towards the end of this report to describe in

physical terms some of the theory behind the SCAT and SWE programs.)

One application of this program is in checking the taper at the edge of the

main dish of the 140-ft Cassegrain telescope. For this problem the scattering

surface is the subreflector, which has an asymmetrical edge, and the incident

field is the antenna range (or computed) pattern of the appropriate Cassegrain

feed.

A slight variation of this situation involves the re-design of the subre-

flector to include a conical vertex plate and a flange about the reflector edge.

Another application is to aid in the design of beam polarization splitters

which may be added to the 140-ft. To the SCAT program, the beam splitter would

be a tilted plane reflector placed very near the feed aperture.

II. GENERAL PROGRAM CHARACTERISTICS

A. Summary of What Program Does 

1. SCAT program. 

Given a scattering surface specified by p(8,) (i.e., spherical co-

ordinates) and the magnetic fields incident on this surface, the scattered pat-

tern is computed over a grid of observation points. The scattering surface is

assumed to be perfectly conducting; therefore, the electric field is zero at the

surface.

The values of p are either input in tabular form or calculated from an

equation in 0 and/or cp.
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The E and H plane values (dB or volts, and degrees) of the incident magnetic

field are read in by the SWE program. The SWE program computes the coefficients

of the expansion and stores them. These stored values are read in by the SCAT

programs.

Ludwig has shown that assuming far field conditions for the source field

for the trivial case of scattering from an infinite plane reflector located within

or near the traditional far field boundary line (2D 2/X, D = source diameter) can

result in rather strong backlobes in the scattered pattern. The strength of the

backlobe and distortion of the main (reflected) lobe increases as the reflector

further penetrates the near field; in other words, the magnitude of the error de-

pends on frequency. (See JPL report, figures 3-5 on pages 6-8.) Ludwig further

shows (Figure 7) that use of the spherical wave representation almost entirely

eliminates the problem.

The scattered fields are, as mentioned above, computed using the method of

physical optics. It is assumed that the induced currents are zero on shadowed

portions of the reflector and that on directly illuminated areas the induced

surface current value is twice the value of the tangential (to the surface) in-

cident H field. These two assumptions constitute the physical optics approxi-

mations.

As a means of reducing computation time the far field form of the scattered

pattern is calculated; the near field form can be found by submitting the

scattered field values to the SWE program.

Summing the product of the induced surface currents and phase delay (path-

length) for each As of the surface, the scattered field as seen from a particular

point on the output grid is determined. This integration is performed for each

point on the output grid. Finally, the far field source pattern is added to

the scattered pattern yielding what is termed the "total fields". For the
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situation of an infinite plane reflector, the total fields would be the incident

fields pointed in the opposite direction on the output grid and with a 1800

phase change.

From comparisons of computed and measured subreflector patterns, Ludwig has

shown the computed pattern to be accurate down to -35 dB (relative power) and

even through the first side lobe. Fairly reliable spillover efficiency calcula-

tions should be possible, since the major spillover contribution is generally

from fields within 25 dB of the pattern maximum. Proper handling of the side

lobes requires the use of the Geometrical Theory of Diffraction (GTD) which does

not make the assumption of zero induced currents on shadowed reflector surfaces.

2. SWE program. 

The SWE program finds the coefficients of expansion of the incident

(far zone) magnetic field pattern in terms of transverse electric (TE) and trans-

verse magnetic (TM) spherical waves. The TE and TM spherical waves are the

general vector solutions to Maxwell's equations for an electromagnetic wave

travelling in a source-free region, V. For the case of representing a magnetic

field, the TM vector solution has no radial components, whereas the TE solution

has components in all three coordinate directions.

A spherical wave expansion operates under the same mathematical prin-

ciples as the Fourier expansion of a function. In a Fourier expansion, a func-

tion is represented by a summation of sines and cosines each multiplied by a

coefficient particular to the order of sine and cosine variation; this order of

variation could be called the mode order. To represent the function, the two

sets of coefficients (one set multiplying the sines, the other the cosines)

must be determined. This is done by evaluating integrals involving sines and

cosines and specific function values. The integrals are simplified through the

use of the orthogonality relations between sines and cosines.



In a spherical wave expansion the sines and cosines of the Fourier expan-

sion are replaced with the TE and TM spherical wave solutions of Maxwell's equa-

tions. The integrals for the mode coefficients contain the corresponding TE and

TM mode functions and the far field incident pattern values. Thus, the procedure

for determining the coefficients of the spherical wave expansion is basically

the same as for that of the Fourier expansion.

The expansion is in three variables, in this case the spherical coordinates,

and contains two mode orders. Thus, the expansion is a double summation; one

summation for each mode variable. One mode order, generally called the mode

order and designated by a "n", specifies the degree of p variation. The other

mode order, called the order of azimuthal variation and designated by an

specifies the degree of q) variation. The degree of 6 variation depends on both

mode orders.

In principle, the expansion scheme outlined above can represent any input

pattern at any distance from its source. However, because the case of m = 1 is

of particular importance, the double summation has been reduced in the program

to a single summation over n. Also, one set of spherical wave solutions has

been neglected, which means that the incident radiation is assumed to be linearly

polarized.

B. Coordinate System Used. 

The origin of the system will be at the phase center of the source fields.

The reflecting surface is specified by the vector p which is a function of the

angles 6 and (1);p, 0, (I) represent a point on the surface in spherical coordinates.

Since p is defined by 0 and 4) , these two angles will specify the point of inte-

gration.

The output grid over which the observer views the scattered pattern is also

designated by spherical coordinates (R, 0, 0. Since the far field form of the

scattered pattern is computed, the output grid is defined entirely by 0 and (1).
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The Z-axis is the reflector axis. The three coordinate sets -- (p, e,

(R, o, 0 and (X, Y, Z) -- all have the same origin. The coordinate system is

shown in Figure 1.

C. Program Structure and Order of Calculation. 

1. SCAT program. 

For storage reasons, the reflector surface over which the integra-

tion is performed is divided into integration grids. The scattered fields from

each grid are superimposed and added to the incident fields to yield the total

(scattered) pattern.

The reflector is divided along U and/or (I) (Figure 2), depending on the size

of the reflector, the choice of AO and A(1) and storage requirements. This parti-

tioning introduces no appreciable error and is quite useful since the total in-

tegration may cover several thousand points.

The output grid is not segmented because it generally includes only several

hundred points at most.

For each integration grid, p(O, ) is either read in or calculated for every

(e, (1)) point on the grid. Since the normal to the surface is required at each
Bp

integration point, - ( e, (1)) and 1)s--- (e, ) are computed over the grid. The den-
De

vatives are computed using the numerical method of backward and forward differ-

ences or by an analytic expression in e and (I) which is inserted in subroutine

SURF.

In general the outermost (in e) integration grids will contain points that

are beyond the edge of the reflector. This is so because in the program, 0 and

(I) are independent of each other; that is, the integration grid is represented

by two vectors rather than by a matrix of points. However, at the reflector

edge, the boundary is defined 
by°edge' 

which will generally be a function of cl).

To correctly represent the reflector, the edge values of 0 are read in or calcu-

lated for each (1) of the integration grid.
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An integer parameter, IEDGE, is used to determine if the edge will be en-

countered for the present integration grid and, if it is encountered, how the

edge values will be obtained. IEDGE is read in by the MAIN subroutine of the

SCAT program for each integration grid.

As mentioned above, the edge integration grids will contain points beyond

the actual reflector. Since such values may not be known, they are not required

inputs. When the values of p(0, ) are in tabular form, the user can set to

999.99999 the first p value that corresponds to a point beyond the reflector edge;

the p values remaining for that given value of (I) can (and must) be set to some

arbitrary value (e.g., zero).

If all the values of p for an edge integration grid are known, as is the

case when p is calculated analytically, then including them will result in

slightly better accuracy.

Note that the SCAT program is at its maximum user-convenience when p (in

particular) and the edge values of e can be computed from equations inserted in

the program.

An informal flowchart of the SCAT program is shown in Figure 3. Subroutine

names are written next to most flowchart components.

. SWE program.

The organization of the SWE program is considerably simpler; there-

fore, no flowchart of it is shown. A mode order term and the far field E and H

plane pattern values from the appropriate feed comprise the inputs. Details of

input considerations will be given below.

After reading in the input pattern, the program establishes a matrix of 8

mode weights (forms of Lengendre polynomials) and a matrix of input pattern dif-

ferentials. The evaluation of the coefficient integrals is then done by matrix

multiplication. The real and imaginary values of the TE and TM coefficients are

normalized and stored on the computer disk. As a check on the validity of the

coefficients, the far field form is computed allowing a comparison to be made

with the input pattern.
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III. DETAILS OF USING THE PROGRAM

Both programs are stored on the disk of the IBM 360 computer located in

Charlottesville. The user command system is called Pandora. Each subroutine

is stored as a Pandora member and has a member name either identical to or

similar to the subroutine name. The Pandora member name (PMN) will be given

for each subroutine.

For both the SCAT program and the SWE program this section provides the

following information:

For each subroutine of the program:

Subroutine description, input variables (that
READ data), input considerations, and a table
of inputs and their formats.

Discussion of program output.

A. Subroutines of Scattering Program 

1. MAIN (PMN MAIN1SC)

Subroutine description:

This routine coordinates the efforts of the program. The
procedure followed by MAIN has been outlined by the SCAT
program flowchart (Figure 3). Note the SUBROUTINE names
written by the flowchart blocks.

Input variables and their tasks:

TITLE - any alphanumeric statement 5. 72 characters.

PC - phase constant, k = 27/X (X in meters).

XT, YT, ZT - translations to expected phase center of
scattered pattern (affects only output
phase data).

SCALE - scale factor for output fields. If input
is zero, program sets SCALE = 1.0.

(The following variables are read in for each integration grid.)

IEDGE - an integer; determines if and how program
obtains e at the reflector edge. There are
four cases:
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IEDGE (continued):

IEDGE < 0 - Program calculates values for
that integration grid using
equations inserted into sub-
routine EDGEEQ.

IEDGE = 0 - 6 at edge is constant. Pro-
gram reads in just one value.

IEDGE = 11-Edge will not be encountered
on present integration grid.
No values read in.

IEDGE > 0 - 0 at edge is a function of (P
(0 11) and is read in for each value of

(P in the integration grid (NMAX
values).

TEDGE (NMAX) - edge values of e in degrees. Either NMAX
values, one value or no values are read in
depending on IEDGE.

Input considerations:

TITLE usually describes reflector and frequency. The
scattered field phase center translations may be set to
zero if the output phase is of no interest.

The choice of AU and 4 (which determines the number of
integration grids) is covered in SETUP.

Table of inputs and their formats:

Card Input Variable(s) Format 

1 TITLE 18A4

2 PC, XT, YT, ZT, SCALE 5F10.4

[SETUP DATA]

[FIELDS DATA]

Read in IEDGE 15
for each
integra- TEDGE 7(1X, F9.5)
tion (Either NMAX, 1
grid. or no values.)

[SURF DATA]
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2. Setup (PMN SETUP) 

Subroutine description: 

This routine sets up the output grid and all integration grids. The

integration grid parameters are reset for each new grid by ENTRY RESET within

SETUP.

The input parameters of the output grid consist of the number of values

(JMAX and KMAX), initial value and increment which define the 0 and (I) points

over which the fields are viewed. A typical grid could be (I) = 0° and 90
0
 and

0 = -90
0
 to +90

0
 with a step of 2°. Thus, KMAX = 2, JMAX = 91.

The input parameters of each input grid are identical to those of the

output grid but define 6 and (I) instead. As an example, consider Figure 2(d).

The first grid might be 0 = 0° to 6° with Ae = 0.2° and (I) = 0° to 180
0
 with

= 4
0

. Thus, MMAX = 31 and NMAX = 46. The next grid might be 0 = 0° to 6°

and (I) = 180° to 360°. Two more grids would follow. The order of the four

grids is of no consequence.

In ut variables and their tasks:

JMAX - number of 0 values on output grid, 5- 181.

TT1 - initial 0 value.

DDT - 0 increment.

KMAX - number of (I) values on output grid, 5.

PP1 - initial, (I) value.

DPP - (I) increment.

NG1 - number of integration grids, 21.

MN(I) - number of 0 values on Ith integration grid, 5- 36.

TI - initial 0 value.

DT - 6 increment (M6).

NN(I) - number of (I) values on Ith integration grid, 91.

PI - initial value.

DP - (I) increment (A).

(All initial values and increments in degrees.)
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Input considerations: 

AO and AcP are chosen such that the dimensions of the largest AS on the re-

flector surface are roughly one wavelength by one wavelength. This ensures

that the pathlength term does not vary by more than 211- over any AS. Thus, AO

can be found from AO
X/pmax, 

where p

max 
is the greatest distance to the re-

flector and AO is in radians. The corresponding equation for Act) is Aq) AO/sin

(0
max

), 
where 8

max 
is the largest 0 angle subtended by the reflector edge.

The values obtained for AO and AcP should be rounded to the nearest con-

venient value (tenths or hundredths of a degree). An upper limit of A6 = 1° is

necessary, since larger values sample the incident field too sparsely. Decreas-

ing A6 and/or Aq) offers a good check on the validity of the chosen increments.

However, halving either increment nearly doubles the computation time. To give

some idea of the CPU time needed for a given JMAX, KMAX, TMMAX, TNMAX combina-

tion (define TMMAX and TNMAX as total number of e and (P points on reflector sur-

face), the following table is provided.

CPU TIME
KMAX JMAX TMMAX TNMAX (minutes) 

1 91 35 92 18
1 91 35 184 36 IBM
1 181 35 184 50 360/65
2 181 35 184 89

To ensure accurate edge contributions, the user should be certain that for

any value of (I) the edge value of 8 does not fall within the 0 range of the first

two values of 0 (inclusive) on the integration grid. For most cases, the edge

value of 6 could be within this range and would produce no noticeable differ-

ences in the total scattered pattern. It is, however, absolutely necessary that

all edge 0 values be greater than or equal to the first 8 of integration.

The integration routine and SURF subroutine set the limit of MMAX and

NMAX ?. 4.
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Table of inputs and their formats:

Card Input Variable(s) Format 

1 JMAX, TT1, DTT 15, 2F10.2

2 KMAX, PP1, DPP 15, 2F10.2

3 NG1 15

MM(1), T1, DT 15, 2F10.2

5 NN(1), PI, DP 15, 2F10.2

• •
• • .

2NG1 + 2 MM(NG1), Ti, DT 15, 2F10.2

2NG1 + 3 NN (NG1), P1, DP 15, 2F10.2

3. FIELDS (PMN FIELDS)

Subroutine FIELDS reads, off the computer disk, the spherical wave coef-

ficients of the expansion of the incident fields. As mentioned previously,

these coefficients are written on the disk by the SWE program.

FIELDS contains two entry points, ENTRY FIELD1 and ENTRY FIELD2. FIELD1

evaluates the SWE coefficients to find the near field form of the pattern in-

cident on the reflector.

FIELD2 determines the electric field at an infinite distance from its

source. FIELD2 is used in calculation of the far field form of the incident

pattern.

Both FIELD1 and FIELD2 use the SWE coefficients in their computations.

Input variables: 

TITLE - alphanumeric statement, E 70 characters.

LMAX - maximum mode order, f. 70.

MCOMP - order of azimuthal variation.

A(N,1), A(N,2) - real and imaginary components of
TEmCOMP,N

(N = 1 to LMAX) spherical wave coefficient.

B(N,1), B(N,2) - real and imaginary components of TM_mCOMP,N
spherical wave coefficient.
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Input considerations: 

The userneed not include the above information with the other data for the

SCAT program. Instead, FIELDS reads this data directly off the computer disk.

The first three variables are inputs of the SWE program; the coefficients are

calculated by it. The input considerations and table of formats for these vari-

ables are given in the SWE program description.

4. SURF (PMN SSURF).

Subroutine description: 

For each integration grid, this subroutine reads in all PO, 0 values
Dp Dr)

and calculates (0, 0 and Tf (e, 0. There are four input cases that SURF

considers; these are determined by the integer input parameter ISURF. The four

cases are the following: p is a function of e and q) and is read in from a table

of values; P is a function of 8 and is read in from a table of values; p is

Dp 3p
known in analytic forms as a function of e and/or (P; p, 7sT and -5T are all

known in analytic form. In the first situation, MMAX x NMAX values are read in

(every point on the integration grid); in the second case, MMAX values are read

in (every 0 point on integration grid); in the remaining cases, no values are

Dp Dp
read in. When -5-6- and -5-1T are not analytically specified, they are numerically

determined using the techniques of forward and backward differences. (See

Computer Methods for Science and Engineering, LaFara.) This method of computing

derivatives at the points of a table of data has been found to often be more

accurate than is necessary for the SCAT program. For differentiable surfaces and

not overly varying integration grids (as outlined in SETUP), this accuracy is

maintained down to tables of four values. Thus, MMAX and NMAX should be greater

than or equal to four.

To compute p and/or its partial derivatives, equations in 0 and/or q) are

inserted into SURF. The values of sin 0, cos 8, sin q), cos (p, 8 and cp (radians)
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are stored for each integration grid in the variables SIT(M), COT(M), SIP(N),

COP(N), T(M), P(N).

As previously mentioned, when p is input in tabular form, a value of

999.99999 indicates the reflector edge has just been passed. For a given gb,

the remaining 8 points on the integration grid must be assigned some arbitrary

p value, which does not figure in any computations. If p is known for points

beyond the edge, it would be slightly more accurate to include the value im-

mediately beyond (on the integration grid) the edge value. Doing this would

allow p at the edge to be interpolated rather than extrapolated.

Input variables: 

ISURF - integer parameter that determines how p is obtained.

There are four cases as follows:

ISURF < 0 dp, all determined analytically.38 an 4
(0 -2)

Read no values.

ISURF = - 2

- 

p determined analytically; 22- and -4L
30 3(1)

numerically computed (backward and forward

differences). Read no values.

ISURF = 0 - p is a function of 8 only and is read

(MAX values) from a table.

ISURF > 0

 - 

p is a function of 8 and (I) and is read

(MAAX x NMAX values) from a table.

F (M, N) - p (0 , (p)

FT (M,N) - 22- ce, (p)
38

FP (M,N) - (0, (p)
aq)

Input considerations: 

If the partial derivatives of p are to be determined numerically, MMAX and

NMAX can at minimum be two but it is suggested that they be no less than four.
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A value of p is required for every (e, ) or 8 (depending on ISURF) on the

integration grid.

For the case of reading in p for each (e, 0 point on the integration grid,

the e DO loop is within the (P DO loop. Thus, for each q) value a new block of

data is started.

The above two restrictions must be kept in mind when setting a value of P

to 999.99999.

If at all possible, P should be represented by an equation. For this situ-

ation the input procedure is at its simplest.

Table of inputs and their formats: 

Card Variable(s) Format 

Read in E 1 ISURF 15
for each (For ISURF < 0, no values read.)
integra-
tion F(1, 1) to F(MMAX, 1) 7(1X, F9.5)
grid.

or to F(MMAX, NMAX)

5. DIFF (PMN DIFF)

Subroutine description: 

This subroutine is called by SURF to numerically approximate the deri-

vative of a dependent variable with respect to the independent variable at each

point in a table of data. The technique of forward and backward differences is

employed; forward near the front of the table and backward elsewhere. By reach-

ing back or forth into the table of data and taking the differences of the de-

pendent variables along the way, the method is able to accurately compute deri-

vatives of rapidly changing data within the table. The spacing of the independent

variable (M I AO must be constant throughout the table (integration grid). The

table should contain a minimum of four values.
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There are no input variables.

6. FINT (PMN EFINT, FINT)

This subroutine performs the integration of the product of the induced

surface currents and the pathlength over each integration grid for each point

on the output grid. It is here in the program where the great majority of num-

ber crunching is performed. This integration routine was developed by Ludwig

specifically for the form of integral encountered in scattering problems.

(The fast Fourier transform is not applicable.) Ludwig's method reduces by a

factor of 16, relative to a Simpson's rule integration, the number of integra-

tion points needed.

In this integration routine the e loop is embedded within the (1) loop.

The reflector edge is handled in the following way: If IEDGE indicates

an edge is present, then for a given azimuthal angle FINT compares each 8 + AO

value with the edge value of 8 (Which is a function of 4). When the edge is en-

countered, the edge 8 for (1) and for (I) + A¢ are averaged. The contribution from

this smaller (in some cases, slightly larger) AS is then evaluated by extrapola-

ting or interpolating the pathlength and surface currents to the averaged edge 0.

(See Figure 4.). The reflector, in effect, has a discontinuous edge.

FIGURE 4
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Another routine has been developed with the intent of better representing

the edge. The ASmm in Figure 4(a) is divided along (1), the number of divisions

being determined by the difference between the two edge values of 8. 
8edge 

is

then interpolated to each (I) division. The same technique of 8 averaging is ap-

plied over the reduced edge section, yielding smaller edge discontinuities.

This integration routine is stored in PMN EFINT.

7. PATHL (PMN PATHL).

Subroutine description: 

This member computes the pathlength from every point on the integration

surface in the direction of each point on the output grid. The pathlength is

the dot product between the vector p and the unit vector in the direction of the

output variables.

8. SPHANK (FMN SPHANK).

Subroutine description: 

kpSPHANK computes the term hn(2) (kp) . (-j n+1) . kp . ej , where

h
n

(2) 

(kp) is the spherical Hankel function of the second kind, n is the

mode order, and j =

This subroutine is called by FIELD1 (magnetic field at finite distance from

source). The value SPHANK determines provides the near field p dependence. For

far field calculations, this factor must be removed. Otherwise, SPHANK would

provide only the value of h
n

(2) 

(kp).

The spherical Hankel function represents an outward travelling spherical

wave . h
n

(2)

(x) is defined as j
n
(X) - Y

n
(X) where j

n
 and y

n
 are spherical

Bessel functions. J (x) and y
n
(x) are analogous to sin x and cos x, and

h
n

(2)

(x) is analogous to e X. .

SPHANK provides the only (known) numerical program limitation. For x <

100 (roughly), yn (x) blows up as n increases. As x decreases, the blow up
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occurs for smaller n. This is not a computing problem but is a characteristic

of the spherical Bessel function, yn . (See Handbook of Mathematical Functions,

Abromowitz and Stegun; p. 438, Fig. 10.1 to 10.3 and pp. 465-466, Table 10.5.)

To avoid computer overflow SPHANK stops calculation when y n 
qi 10 7 . For a

wavelength of 5 cm (k = 125.7 m -1 ) and a plane reflector at a distance of 1 m,

this truncation produced no changes in the scattered field phase or amplitude.

It is suggested that the problem be such that kp > 100. For kp < 100, the

above tables should be consulted to determine the maximum "safe" mode order.

There are no input variables.

9. LEGEND (PMN LEGEND)

Subroutine description: 

LEGEND computes the value of the associated Legendre polynomial, Pnm

(cos 0), where m is the order of azimuthal variation and n is the mode order.

The Legendre polynomial provides the correct polar angle (0 and 0) varia-

tion of the spherical wave field representation. Therefore, it is called by

both FIELD1 and FIELD2.

LEGEND has no numerical difficulties analogous to those of SHPANK. (See

Tables of Functions, Johnke and Emde; pp. 112-113.)

There are no input variables.

10. VECTOR (PMN VECTOR)

Subroutine description: 

This subroutine converts complex numbers in rectangular form (real and

imaginary) to polar form (amplitude and phase). Most program computations are

done with numbers in rectangular form.

There are no input variables.
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11. ADJUST (PMN ADJUST)

Subroutine description: 

ADJUST normalizes phase angles to the range of -180
0
 to +1800.

There are no input variables.

12. EDGEEQ (within PMN SSURF)

Subroutine description: 

Equations for the edge value of theta are inserted into this subrou-

tine. The same values of sin (P, cos (P, etc., used in SURF are available. The

edge equations will be functions of qb only.

If necessary, the equations can be divided up for the different (#) integra-

tion grids.

There are no input variables.

B. _Q1J.LITILt ig_EFJ11.11L

The printout of the program is fairly self-explanatory. Briefly, the bulk

of the output is the following:

-- Output grid of all integration grids.

Output : -- Spherical wave coefficients.

for If edge is to be encountered, all edge values of theta.

Dr)each A selection of the values of p, --- and 11-a°
inte- Scattered fields (E and H planes of far-electric field)

gra- from integration grid.

tion Far field incident pattern.

grid. -- Superposition of incident fields and all grid scattered

fields (i.e., yields total scattered fields).
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C. Subroutines of Spherical way 11 12m_Filsag_Iin.

The SWE program determines the coefficients of the spherical wave ex-

pansion of an input far field pattern, such as those typically measured on an

antenna range. In principle, this expansion is completely general and provides

one with the near field values, including radial components, of the input pat-

tern. (For a mathematical account of spherical wave theory, see Electromagnetic 

Theory, Stratton; Chapter 7.)

1. MAIN (PMN MAINOR)

Subroutine description: 

This routine is essentially the entire program. It reads in the

far field pattern, computes the coefficients, writes the coefficients into a

disk data set, and computes the far field form of the spherical wave expansion

(for comparison with the input pattern).

Input variables: 

TITLE - Alphanumeric statement, 5 72 characters
(identify program).

MCOMP - Order of azimuthal variation.

LMAX - Maximum mode order (8), 5. 80.

TITLE - Same as above (identify input pattern).

JIN _ Number of input field points, 5. 121.

IC1 - If < 0, convert incident field from dB to volts.

IC2 _ If > 0, neglect incident field phase.

IC3 _ If > 0, compute incident field amplitude from
equations inserted in MAIN.

IC4 - If > 0
s E

e = E (p in phase and amplitude; input
each phase and amplitude once.

PSI - Polar angle 8.

E - Ee (0, ) amplitude as a function of 0 of input

pattern; volts or dB.

EP - Ee (8, ) phase; degrees.

H - E

(I 
(8, 0 amplitude; volts or dB.

)
HP - (8, ) phase.
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variables

JMAX0 - 180/A0 + 1 where AO is the desired output
increment of the far field SWE pattern.

JOUT - Number of output values starting with 0 = 00.

Input considerations: 

As mentioned previously, only one azimuthal expansion component can

be handled by the SWE program. This component is usually m = 1, although it can

be zero or > 1. The m = 1 mode typically corresponds to a pattern amplitude

which varies as a full cycle sinusoid in total azimuth. It is for this case

that one refers to the "E and H planes" of a pattern. If more than one azimuth

component is needed, the components can be run separately and the resulting co-

efficients superimposed.

The number of n modes necessary to accurately represent the input pattern

depends on the complexity of that pattern. For the E plane (Ed pattern of the

C-band Cassegrain feed at 5 cm, roughly n = 70 modes were needed. Since the

SWE program requires only about one minute of CPU time, the user can easily

test various maximum mode orders and check which yields the most accurate far

field pattern.

Comparing the far field spherical wave expansion pattern to the input pat-

tern, one can see that the former tends to oscillate about the latter. Frequent

sampling of the input pattern will help to minimize this. For the 5 cm case

above, feed pattern values were input every 0.25° until the input pattern was

about 35 dB down (0 = 20°) and every 0.5° out to -45 dB (0 30°).

An oscillation of several hundreths of a volt in the approximation pattern

values is of little concern since the input pattern is usually not reliable to

such resolutions. A more important consideration is that the patterns contain

roughly the same power through the average angle out to the edge of the reflect-

ing surface.
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Card

1

2

3

4

5

Table of inputs and their formats: 

TITLE

MCOMP, LMAX

TITLE

J1N, Id, IC2, IC3, IC4

: IC4 0 : T(1), E(1), EP(1), H(1), HP(1)

: IC4 > 0 T(1), E(1), EP(1)

Format 

18A4

215

18A4

515

5(1X, F9.5)

3(1X, F9.5)

1C4 0 : T(JIN), E(JIN), EP(JIN), H(JIN), HP(JIN) 5(1X, F9.5)
JIN+4

IC4 > 0 : T(JIN), E(JIN), EP(JIN) 3(1X, F9.5)

JIN+5 JMAXO, JOUT 215

2. MULT (PMN MULT)

Subroutine description: 

MULT multiplies two matrices. The matrix dimensions are specified

in the CALL MULT statement. If any variable dimensions are changed in MAIN,

the CALL MULT statement must be changed accordingly.

3. LEGEND (FMN LEGEND)

4. VECTOR (PMN VECTOR)

LEGEND and VECTOR described previously.

D. Output of the SWE Program. 

E and H planes of input pattern in volts and degrees.

-- Real and imaginary values of TE and TM wave coefficients
for each mode.

-- Fraction of total mode power of the coefficients for
each mode.
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-- Total mode power of coefficients.

Far field summation of spherical modes;
E and H planes in volts and degrees.

E. Sumitting a Job. 

It will be assumed that the user is already familiar with the Pandora

command system of the IBM 360. If the user is not familiar with the system,

the Pandora Guide (assembled by the Charlottesville Computer Division) nicely

explains it. Some essential member-oriented commands are the following: ENTER,

FETCH, SAVES, CLEAR, SCRATCH, CWS, CONCAT, SEQUENCE and SUBMIT. Some essential

line editing commands are the following: CHANGE, INSERT, DELETE, MOVE, COPY,

EDIT and SEEK.

The necessary JCL (Job Control Language) parameters for the programs are

contained in the Pandora members JCLSCAT and JCLSWE (some message suppression).

Only the TIME parameter is set by the user. This specifies a maximum CPU time

in minutes. In JCLSWE, TIME = 1 and need not be adjusted.

To submit the SCAT program, the following statement is entered:

SUBMIT JCLS CAT MAIN1SC SSURF FINT SFPVSALD DATANAME

(PMN SFPVSALD contains eight subroutines.)

In this statement, JCLSCAT must be first and SFPVSALD and DATANAME must be last

and in the shown order. The three other members can be arbitrarily shuffled.

DATANAME is specified by the user.

To submit the SWE program, the following statement is entered:

SUBMIT JCLSWE MAINOR LVM DATANAME

(PMNLVM contains three subroutines.)

This statement must be entered with the order as shown.

It must be kept in mind that whenever the incident field is to be changed

in the SCAT program, the SWE program must be run so that the proper coefficients

are stored on the disk.
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The following Pandora members may prove useful:

DSCATSUB - Contains input data for scattering the 140-ft

subreflector; Ae = 0.2°, = 2°.

DSWE5G - Input data for SWE program. For 5 GHz C-band

Cassegrain feed pattern.

DSWElOG - For 10 GHz X-band Cassegrain feed.

Shown in Figure 5 is the scattered pattern from the 140-ft subreflector at

5 GHz.

IV. SOME OF THE THEORY UNDERLYING THE PROGRAMS

A. Determining the Scattered Fields. 

1. Problem definition: 

Given a perfectly conducting reflecting surface and the magnetic

fields incident on this surface, the far field scattered pattern is to be found.

The incident electric field does not contribute to the fields scattered from a

perfect conductor.

In the coordinate system of Figure 1, the following variables are de-

fined:

E
s
(R,0,0) = far zone scattered electric field = 1E0 	0

^ —jkR+ E
4)
(0,) (1) j e R cc..= unit vectors.

ff. (

▪ 

p ,e2cp ) = incident magnetic field.

= outward unit normal to scattering surface.

• unit vectors.

= induced surface current.

^= P P.

2i 2 k = Cartesian unit vectors.

= 2111A.

=
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The program computes E 0 and E q) in volts. If near field values are

needed, then E
0 
and E can be input to the spherical wave expansion (SWE)

program.

To find the total scattered field, the far field incident pattern is

added to E
s

.

2. Induced currents and the physical optics approximations: 

The scattered field, E
s' 

is determined by taking the 2-dimensional

Fourier transform (mapping from 0,4) -± OM of the array of current dipoles.

Diffraction effects will be accounted for since the wavefronts of each current

dipole are summed. In principle, the accuracy of the technique is limited by

the precision with which the induced currents are known.

To determine K, the following assumptions are made: On directly il-

luminated sections of the reflector, the induced currents are those of an

optically reflected H.. on shadowed portions, there are no induced currents.

These two assumptions comprise the physical optics approximations.

An expression for be found by applying the field boundary condi-

tions to the scattering surface. For two arbitrary mediums,

=

Since there are no fields beneath the reflector surface, H 2 = 0 and since H.

optically reflected, 111 = 2H.. Thus
—
K = 2ri x —H.

Note that Rgives rise to all fields (incident and scattered) in free space

(medium 1).

Ludwig notes that this expression is, in some cases, a poor approxi-

mation to the true induced currents. Generally, the calculated currents oscil-

late about the true currents, making little net contribution to the scattered

(1)
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fields. Equation (1) can be accurately used for reflectors as small as several

wavelengths in diameter.

3. Fields due to the induced currents.

To determine the scattered field at some far field output point (0,4)),

the amplitude and phase delay (pathlength) of the radiation from each current

dipole is vectorially summed. In principle, the current dipoles are of infini-

testimal length; for the numerical integration this, of course, is not true.

For each dS, dE is proportional to the currents induced on dS. Thus,

the radiation amplitude is K.

Since the far field of E is desired, it is instructive to view the out-
s

put grid, over which the scattered pattern is calculated, as lying on a sphere

of infinite radius centered on the source phase center. If the source fields

travel directly to the output grid without striking a reflector, the pathlength

covered is defined to be zero. When intercepted first by a reflector, the path-

length is defined as the additional distance travelled due to the reflection.

This additional distance is that covered by the source fields to the reflector

minus the extent to which the incident fields have already travelled in the di-

rection of the output point (extent of colinearity). If R and vector P are co-

linear, the pathlength is, by definition, zero. A measure of the colinearity

of two vectors is the cosine of the angle between them (dot product). Thus,

the pathlength is

= p(1 - f^) • lb

To evaluate p . R, define the following:

x = p sin 0 cos (I) X = R sin 0 cos (I)

Y = p sin 0 sin (I) Y = R sin 0 sin (I)

z = p cos 0 Z = R cos 0

and
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• i + yj + zk)/P, R= (Xi + Yj + Zk)/R.

The dot product is then

A
• R = [sin 0 sin 0 (cos q) cos (I) + sin cp sin 0 + cos 6 cos 0].

The pathlength must be normalized to the wavelength. For an outward

travelling spherical wave, the phase delay from source phase center to output

point is

Phase delay = e-jkY.

At this point, our knowledge of the scattered fields can be summarized

by

-jkR
a e s,

where E
s
 and K are expressed in volts/meter and amperes/meter, respectively.

The variable pathlength is neglected in computing the spacial attenuation

(l/R) of E
s' 

since R goes to infinity. Therefore,

E 0 + E m
A

(I)
f Ke-jkl ds.

A
(2)

To get the two sides of equation (2) compatible, we must convert the

current-distance of the right side to voltage. Recalling the phase quadrature

of associated currents and voltages, the constant of proportionality is

-2ffj Z 0 /A, where Zo = the impedance of free space. The usual expression for

this constant is -jwilo, where po is the magnetic permeability of free space

and w = 2ff times the frequency. Define

A A
Yom = [E 0 + E W-jwp o (ampere-meters).

(I)

Then

1
.r

ds.
471. s
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The
]

4 

.
-is a normalization constant which arises from integrating over a solid
ff

angle. A sphere has 4Tc square radians (steradians).

Since ff. will often be evaluated within the source's near field, it

will have a relatively strong radial (p) dependence. However, this dependence

is predominantly of the form l/p. (The 

e-jkp 
phase term has already been in-

cluded in the expression for y.) Define:

H
o

+ H i 3],
p p T

where 
HP' 

H
e 

and H are complex values, thus allowing for phase deviating from
(P

—
the e

jkp
 form. Since H

' 

H
e 

and H are slowly varying with p, the numerical
A (P

integration is easier.

Finally, some results from differential geometry concerning normals to

surfaces must be considered. We have defined p as p= T) -(0,(1), specifying 0 and

3-1(I) describes the surface. Figure 6 shows the vectors p, - il
and The latter

De
two are tangent to the surface at (O M and are normal to each other. As such,

their cross product defines a normal to the surface at (0,). After some

staring at Figure 6, one can see that -5-
Dp

6 and -1P- are the resultants of vectors

in the directions p and e and the directions p and cp, , respectively.

FIGURE 6
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Evaluating these derivatives Figure 1 is helpful), we find:

— ( 4 1 ^ = 141- P p sin e
aq) acp, P aq)

and

Dp Dp ap ^ ap ^
(f) x - p—a° (1) + p sin° e — p 2 sin 0 p.

ao

The unit normal, CI, can be found from the relationship

—„ ap
n dS = x — de d.(1)

acp ae

where dS = (p sin 8 d(1) (pde) = p 2 sin e (1 ,15 de. Subsituting for CI dS x

in the equation for I, we obtain

1 1,70,40 e-jky de (0

where

= (11 H -
u ) 

P + rH +p sin 8 H I 6Be sin q) aq)
P 

(- p sin 8 Ho - sin 8 ), II_ (1) .u p) ^

This is the form in which the radiation integral is evaluated.

B. Technique of Numerical Integration.

1. Form of integral:

Dropping all constants, the form of the integral over a given in-

tegration grid and for the output point ° (I)
K 

is



33

014 (1) N

o

f JI
1 ,51

I( (I) )J' K
F(0,0 exp[jky , (1), 0 (I)

K
)1de 0

J' 

Define n
mn 

as the piece of solid angle bounded at its four corners by

e
m' m+1' m' 

and 
(f)
m+1. 

Also, define

Ae

m
 = 6 -0

m+1 m

"n = n+1 (13' n

mn 
F

mn
, etc. = p 0 (pn), F (I)

n
), etc.

The strong sinusoidal variation of the phase delay creates the need for

rapidsamplingofthescatteringsurface.Considera nm with physical di-

mensions on the order of a wavelength; 
pmnMm 

(t, A and p
mn 

sin 0
m
 Aq)

n
 A.

(The dimension of one wavelength is chosen because electromagnetic fields rarely

change abruptly over such distances.) For this situation the phase delay can

vary up to one full cycle as nmn is traversed. To successfully apply an inte-

gration technique such as Simpson's rule would require further subdivision of

the scattering surface, thus creating a monstrous CPU time. Note that because

I is a nonlinear function of 6 and 4), the fast Fourier transform cannot be

applied.

2. The integration technique: 

The sampling hassle can be alleviated through use of a linear

representation of F and y (especially) over each 
MnP,m. (The procedure to be

described below was developed by Ludwig and is shown on page 13 of his JPL re-

port.) Approximate F and y by

F0,0 =

y (04) =

a + ( ) + c - (I))mn mn m
m

n n

a 13 (0 - °m ) 	Cmn ((P (Pn )mn mn
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where 0 and 0 assume the corner values of Ap
mn

. Applying a least squares plane

fit to F and y at the corners of Ap
mn

, the following normal equations are ob-

tamed for F:

= amn E 1 + bmn Z (0 - Om ) + cmn E - On)

EF(0 - 0m ) = amn E(0— em) + bmn E (0 - 0m ) 2 + cmn E - On ) — em)

EFOI) - On ) = amn E (4) -on) + bmn E (0 - Om ) (0 - On ) + cmn E (0 - On)2

n+1 m+1
where E F

n

Solving for the coefficients yields the following:

1a

mn 
= [3 F

mn 
- F

m+1 n+1 
+ F

m+1 n 
+ F

m n+1

1 b
mn 

=
2A0

m
m+1 n 

- F

mn 
+ F

m+1 n+1 
F

m n+1
I

1 C

mn 
=

2,64
n 

[F

m
 n+1 

F

mn 
+ F

m+1 n+1 
F

m+1 n

The results are the same for y and its coefficients.

Substituting the approximations for F and y into equation (2) and inte-

grating over AOmn, the scattered field contribution AI can analytically bemn

determined. The expression for AI
mn 

is



-
in 

e
mjki3

mn

m -1 e [en -

(jkl3mn)2 [j mm

+ b
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Li
inn

(= exp jkamn 	amn
] 

e - Ie
m 	n 

jk mm mm

[ Acpn
C 
nin [

mnjkl3 jkEmn.

e
m 

(

en - 1 1

(i Kinn ) j

where

= exp jU emm dm

e
n
 = exp jK de

inn n

For each
K

e (I) of the output grid, the integration subroutine (FINT)
J' 

computes I from all 6 , ( I)
ri 
on the integration grid. At every integration

point the subroutine computes the least squares coefficients and evaluates the

above expression for AImn. To avoid numerical catastrophe an altered expres-

sion of 
AI

mn 
is used for f3.

mn 

and/or 

mm 
near zero.

3. Some comments on the method: 

Analytic evaluation of the radiation integral can be thought of as

summing the (relatively simple) patterns due to infinitesimal current dipoles.

The numerical technique sums the patterns, given by AImn , for surface elements

a wavelength on a side.

Ludwig claims that for scattering from a hyperpoloid, a AQ

mn 
2/3 square

wavelengths in size results in errors 40 dB below the scattered pattern maximum.

C. A Few Details of Spherical Wave Expansions. 

1. The SWE representation of an electromagnetic field 

Define the following variables:
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E
$
 
H(P$0,)

• 

description everywhere in a source-free
region V of an electromagnetic field.

TE
mn

, TM
mn

• 

transverse electric and transverse magne-
tic fields used to describe E and H.

m, n

a

mn

, b
mn

z
n
(kp)

= order of azimuthal variation of TE, TM
fields.

= mode order of TE, TM fields.

= spherical wave solutions to Maxwell's
equations; define TE and TM fields.

= TE and TM expansion coefficients.

• any solution to spherical Bessel (dif-
ferential) equation.

h
(2) 

(kp)

• 

spherical Hankel function a particular
n z).

n

Pn

m

(cos 8) 

• 

associated Legendre function (solution to
a form of the Legendre differential equa-
tion).

The SWE is used (in this program) to represent a far field input pattern,

E and H, in both the near and far fields. An expansion in TE and TM spherical

waves is used as shown:

—
E
 or —11 = 

E E a TE + b TM.
m n mn mn mn mn

--
For TE

mn
 has no radial components and for H, TM

mn
 has no radial components.

As discussed earlier, the SWE program calculates the complex-valued wave

coefficients. Input for if is the far-zone magnetic field of, for example, a

feed; E = O. The program reduces the flexibility of the expansion in two ways:

one, by requiring that m assume a single integer value (usually m = 1) and

eliminating the summation over m; and, two, by discarding the odd solutions

of m
mn 

and n

mn' 
thus requiring that H be linearly polarized. (The existence

of even and odd solutions has been, for convenience, left unrecognized in the

notation.)
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The general spherical wave expansion is as follows:

Let a sphere of radius po contain all field sources. Then the

electromagnetic field in the (source-free) region V that includes all space

outside of the sphere of radius p o is

p 0,0 = - E E 
a

mn 
m
mn 

+ b
mn

m n

= .  EEa n + b m
P.4.1 mn mm mn mn

where wilik is Z = free space impedance and where

m P
m
 (cos sin A

-
1;EI = n

z (kp) mtp 0
cos

cos
3 n M- Zn (kP ) TET rn

z
n
(kp) sin A

mn
= n(n+1) Pnm (cos 0) mcp p

kp cos

sin1 a a+ [Pz (kp)] TeT P
n 

(cos 0) m0kp ap n cos

+
m P

n

m

 (cos 0 cos
a ,

1. pz (kp)]
mg) 4)

kp ap n sin 0 sin

(The even solutions contain the upper of the two signs and the upper of the

sin-cos mcp pair. Further discussion of the specifics of the SWE program ex-

pansion will be delayed until section C.)

mn sin 0

(cos 0) sin 
14 4)
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Since we are dealing with travelling spherical waves, z
n

(kp) should de-

scribe such. The spherical Bessel function that describes the radial varia-

tion of an outward travelling spherical wave is h
n

(2)

(kp), the Hankel function

of the second kind.

Note the roles played by the mode indices, m and n; two indices describe

variation in three (coordinate) variables. Theta pattern variation, as de-

scribed by P
n

m

 (cos 0) is dependent on both mode orders (m is not an exponent).

2. Spherical waves as solutions to Maxwell's equations: 

In a source free medium, the curl relationships of Maxwell's equa-

tions completely describe an electromagnetic field, E and H. That is,

x E =
all _

— P o jwPoil

x . 6 _
o at — Jwc

o
E

where 1- 1 a -
ap

4. 

P De
+ 

p sin e B e (I) , and

where an e
jwt 

time variation has been assumed and where wp =kZ
0
 and w

0
e = k/Z

0 .0 

These equations state that the change with distance in directions perpendicular

—
to E (H) is proportional to the time rate of change of H (E). The constants of

proportionality, p o and c o , specify the extent per unit distance to which free

space can transmit energy in magnetic and electric fields, respectively. (po

and 6
0 
are, as shown above, directly related to the impedance of free space, Z 0.)

The negative sign in the first curl equation is a result of the orientation of

E and ii in a right-hand coordinate system.

Another interpretation of the curl equations is that the existence of an

electric field ensures the existence of a corresponding magnetic field, and vice

versa, for non-static fields.
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Eliminating each variable of the curl equations yields the following:

x H) = k2
11 (1)

x = krf

Using vector identities in rectangular coordinates

= a 4. a 1^, N
Dx 1 ' By J 3z -1

and noting that the divergence of E and H are zero (V-1 • E, V • ri = 0 in region

V since no sources exist there), these equations are transformed to

k2 (Same for -E.) (2)

This is the vector wave or vector Helmholtz equation.

V2 is often called the Laplacian. The (negative of the) Laplacian of a

function is closely related to the difference between the value of the func-

tion at some point and the average value of the function at straddling points.

That is, 70 determines the concavity or lumpiness of a function. Thus, equa-

tion (2) states that the concavity of the magnitude or direction of H is pro-

portional to H.

Since the curl of a vector function yields the magnitude and direction of

the rotation, or vorticity, of the vector field, equation (1) can be understood

as requiring that the vorticity lines of E and H must themselves exhibit vor-

ticity. Further, this second order vorticity is proportional in magnitude and

direction to E and H. (See Methods of Theoretical Physics, Morse and Feshback;

chapter 1.) Note that in a source-free space, equations (1) and (2) are identical.
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The vector solutions m
mn 

and n

mn 
of equation (2) are most easily found by

considering some physical attributes of E and H. Recall that the divergence of

E and H is zero, allowing them to be represented by the curl of a vector poten-

tial A. (To this can be added the gradient of a scalar function. However,

since the curl of the gradient of a function is identically zero, this term is

1 --
of no use.) If H = --- curl A, then from Maxwell's curl equations,

0

Po a-A= =
z at

Our choice of A can greatly reduce the complexity of the problem. To ease

the pain of applying boundary conditions in spherical coordinates, the direction

of A is (if possible) chosen to be normal to a boundary surface. This will

create fields tangent to the surface boundary. The magnitude of A is 4) 0,8,0,

a rectangular component of E or H, times a coordinate scale factor. For spherical

A
coordinates the direction and magnitude of A are p and piP, respectively. Thus, a

solution to equation (2) is

H = V x (3)

where V is in spherical coordinates. Then, equation (3) has no radial components

and, if IP is a component of H, m is a TM field.

We must, of course, have radial electromagnetic field components in a

general field representation. Another solution to (2) which will supply the

needed components is simply the curl of m. Including a constant of propor-

tionality, a second solution to (2) is

x =
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In general, fi has p , e and q) components. (For detailed mathematical ac-

counts of the solution to (2), see Stratton, chapter 7, and Morse and Feshback,

chapter 13.)

The problem has been reduced to determining 4). Recall that IP is a solu-

tion to

2H ,EE + k2 H , E = 0
P P

p = x, y, z.

where E and H are functions of p , e and (P. 7-2 can then be expressed in

spherical coordinates. The resulting differential equation is evaluated by the

separation of variables

4) 0,0,0 = 1P1(P) 4)2( 0 ) 11)3().

The solutions to the three resulting ordinary differential equations are:

4) 1 (p ) = z(kp) h (2)(kp)n n `

* 2 0) = Pn
m (cos 0

cos
* 3 (0 = 

sin 
m(1) (See Stratton, chapter 7.)

A
The previously shown form of m and n can be found from curl # and

curl curl O.

3. What are spherical waves? 

To understand, physically, what spherical waves are, it will be

helpful to be aware of some mathematical characteristics of the spherical Hankel

function and the associated Legendre function.
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The spherical Hankel function of the second kind is defined as

h
n

(2)

( ) = j n (X) - Y X), j = i=f

At x = 0, j n is finite and Yn has a pole. As x i = kp i 	co

.11+1h

n

(2)

(X 1 ) = 3

-iX1
1 3 2) 00 1 in  e 
X i 

ax x=x xl

These are closely related to the e-ikP/P dependence of a far field pattern.

The associated Legendre function provides the polar angle field variation.

The order of index n runs from 0 to op , and m runs 0 to n. A few modes of the

function are shown below. (See Stratton, chapter 7; Tables of Function, Johnke

and Emde, pp. 112-113.)

P
0 
(Z) = 1

P i (Z) = Z = cos e

P i
l (Z) = (1 - Z 2 ) 2 sin e

P 2 (Z) = (3Z 2 - 1) w (3 cos 20 4.1)

p21(z) z2)1/2 3
Z = -;" sin 20

P2
2 (Z) = 3(1 - Z 2 ) = (1 - cos 20)

The functions cos mq) P
n

m
 (cos and sin mcp P

n

m
 (cos e) are periodic on

the surface of a unit sphere. For m> 0, the functions are zero at the poles.

The number of nodal lines parallel to the equator is n - m. These are

xl

and
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orthogonally intersected by the 2 m longitudinal nodes. Since the surface is

divided into rectangular sections within which the above functions are alter-

nately positive and negative, these functions are referred to as tesseral

harmonics of nth degree and mth order.

--Evaluating m and n at m = o and n = 1, the simplest form of m and n,

will provide the vital clue in determining the nature of these spherical wave

solutions.

Recall that E and H are defined everywhere in space V which surrounds

but does not include a sphere of sources. Let this sphere be of radius a. An

entirely equivalent representation of the sources is to place surface currents

on the sphere and remove all sources within the sphere. From the boundary con-

ditions, the surface currents are

= x

From the expressions for E and H involving the vector potential A,

-jkA (for ejwt time variation)

H = -
I 

curl

where A = m and if, we can determine the induced currents. For m = , n = 1,

m01 = h1

(2) 

(kp) sin 0 ( 1̂)

1n
01 x m01

2 cos 0 i4T h i (kp) (S' - sin 
0 kp ap ph i (kp)] 0.
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First consider the case of A = m01 . Through the use of various recurrence

relations (see Stratton, chapter 7) and the relation h(Z) =
, „n d  )n iZ

ZdZ
e 

t z

the terms involving Hankel functions can be reduced to algebraic expressions in

kp and e
jkp

. Then the surface current creating the m = 0, n = 1 mode fields is

—K ill

01
sin Fl. (ka) 2 - jkal 

e
jka

L. (ka)

(See Morse and Feshback, chapter 13, p. 1867.)

Thus, we have a current oscillating in time parallel to the equator. The

current goes to maximum at the equator and goes to zero at the poles and travels

in the same direction at all points on the sphere. There is no charge build up

as can be seen from the lack of radial E components.

A current of such form characterizes the magnetic dipole 
and:01 

represents

the field from the dipole.

If we are to determine the radial components of E, we must turn the prob-

lem around and set A = n01 . Then, E = -jk n
01 

and has a radial component. The

surface current is

j + ka 1 jka
wp

o
 sin 0 e

(ka)2

which oscillates between poles, alternately depositing positive and negative

charges at the poles. As can be seen from p • E, the charge is concentrated at

the poles and is 90
0
 out of phase with the current.

This oscillation of charge is merely a way of describing an electric dipole

where n
01 

represents the field from this dipole.

For m = 0, n = 2, the TE radiation is that of a magnetic quadrupole. The

current circulates parallel to the equator going clockwise in one hemisphere
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and counterclockwise in the other for half a cycle, then reversing for the next

half cycle.

The corresponding TM radiation is that of an electric quadrupole. The

current distribution describes charge moving alternately from the equator to

the poles and then from the poles to the equator. Thus, free charge of one sign

is accumulated at the poles and of the opposite sign at the equator, the signs

changing at the next half cycle.

Among others, one important question that remains is the following: What

is physically happening as m changes for a given n? Plotting cos mcp P n
m (cos 0)

on the unit sphere for various values of m seems to indicate that m determines

two properties of the multipoles: the distribution of multipoles within the

array and the orientation of the multipole array. As an example, consider the

unit sphere plots for n = 2 and m = 0, 1, 2:

m = 0 m = 1 m= 2

(i)

( 3 cos 26 + 1)
3 .—
2
 sin 26 cos (j) 3-2- (1 - cos 26) cos 2.4)

1

The shaded portions indicate negative value; nodal lines are solid. For

m = 0, there is an overlap of 2 like (in sign) "monopoles". For m = 1 and 2,

all "monopoles" (2 of each sign) are distinct but the quadrupole orientations

are different.
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4. Determining the  SWE coefficients. 

As mentioned previously, the summation over m in the spherical wave

expansion is eliminated; usually an order of azimuthal variation of m = 1 is

needed. The m = 1 corresponds to the situation in which a pattern may be

divided into E and H planes. Since only the incident magnetic field contri-

butes to the induced surface currents, only H i need be expanded. The expansion

is:

(P, e ,(1)) = 
jcom E 

a

n 

n

n 

+ b

n 

m

n

n = 1

_
where n

n 
E 
n

mn 
and is TE and m = m

mn 
and is TM. This expansion will determine

H. where H. is originally a far field pattern, anywhere in the space outside a

sphere of radius po which encloses the sources of

Ludwig derives expressions for the expansion coefficients for the case in

which the involved data are the tangential components of Eon a sphere of radius

P1 p o . The derivation will be outlined only; the mathematical details may be

found in the JPL report.

The vector character of the expansion is eliminated (momentarily) by equa-

ting the tangential field components, E e (8,4) and E 4) (0,), to the summation of

the corresponding components of the expansion. The azimuthal terms of the sum-

mation are removed by taking the ordinary Fourier expansion of E e and Ecb,

leaving a summation independent of qb. E
8
	900) and E (8, 0

0

) are the usual

far field patterns being expanded. The actual inputs to the program are Am(8)

and Bm (8), which represent the m
th 

Fourier component of the input pattern.

(For m = 1, Am (8) and B(0) are simply the pattern values.)

Using the integral (orthogonality) properties of Legendre functions, an

integral (over 8) expression is found for the coefficients (JPL report; page 23,
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equation 9). The far field value of the Hankel function and its derivative

with respect to p is incorporated into the coefficients; that is, the coef-

ficients actually computed are:

.n+1
-jkpy

= a
n 

j e kPl

- j
b
n
 = b

n 
j
n e kp1

a
n
 and b ' are written on the computer disk where the SCAT program can gain

access to them.
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VII .

PROGRAM CODE FOR BOTH PROGRAMS
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UPDATED DESCRIPTION OF USING THE
JPL PHYSICAL-OPTICS SCATTERING PROGRAM

James R. Lyons

I. Introduction 

A field plotting routine, multiple-scattering capability, and several other

features, have been added to the JPL program as described in EDIR No. 221

(September 1981). This memo is designed to briefly describe these additions

and to provide the user with a convenient list of program inputs. Specifically,

it is a revision of section III, Details of Using the Program, of report 221.

It is suggested that the previous report be read before attempting to read and

apply this memo to the program. Neither the basic structure nor the underlying

theory of the program have been altered, but there are additional input

parameters.

II. Added Program Features 

A. Field plotting routine. 

A subroutine, EPLOT, has been written which will plot the amplitude (dB)

and phase of a particular component of an electric or magnetic field. The

spherical wave expansion (SWE) program employs this subroutine to plot the E

and H plane of the input field and of the far-field form of the spherical wave

representation. The scattering (SCAT) program uses EPLOT to plot the polar,

azimuthal, or radial .component of the near-field of the incident pattern, and

to plot the polar, azimuthal or Cartesian-Y component of the far-field form of

the incident and scattered patterns. Only the first 10
0
 of the far-field in-

cident pattern can be plotted; for 0(1) > 30
0

, the plot and power of this pat-

tern are skipped. Input parameters are used to choose the field component to

be plotted.



2

In the output grid, the Y component of the electric field has the form:

E (0 (I)) =
Y '

0,4) cos 0 sin (I) + E 4) (0,) cos (1).

The cos 0 term induces an azimuthal variation on Ey which would destroy any

beam circularity. Since our currently relevant problems involve circularly

symmetric beams, the amplitude of this term has been neglected. E then has

the form

E (0 4)) =
Y '

Ee(0,1) sign cos 0 sin (I) + E (1) (0,1)) cos (1).

Note also that 'cos 01 % 1 for most scattering situations.

B. Multiple scattering. 

In some scattering problems, there exists several reflectors, so it be-

comes necessary to perform a spherical wave expansion on a scattered field and

reflect this off yet another surface. SCAT can do this by writing the Y com-

ponent of the far-field scattered field values it computes into a disk data set.

The SWE progfam then reads in the values and determines the expansion. SCAT

stores 31 values (for AO = 1.0
0

, this corresponds to 30
0
), either those on the

"right side" of the beam or the mirror-image of those on the "left side" of the

beam. In either case, the polar angle of the field values is translated such

that the beam peak occurs at 0 = O. Since only half the beam is stored, the

entire beam must be assumed circular. If the scattered field is asymmetric with

respect to its beam peak, individually expanding both beam halves will define

the extremes within which the true beam must lie.

The following table shows the data flow for the two programs when scatter-

ing from multiple reflectors. The numbers are the data set reference numbers

used in the READ and WRITE statements.



1 2Tr (4))
P =

2ff o
' 01 2 +' H

e
sin 8 d8

READ WRITE

First reflection OWE Cards 9
tSCAT 9 12

Subsequent reflections OWE 12 9
tSCAT 9 12

Note: SCAT only stores the pattern values corresponding
to the final 0 of the output grid.

C. Power calculations. 

Relative power calculations are made for the same patterns that can be

plotted by EPLOT. For the near-field of the incident pattern in SCAT, the

power integral has the form

For the far-field patterns in SCAT and the patterns in the SWE program, the

integral is:

= f 

0
E (0,o 0 ) 1 2 + 1E0 0,4) ) sin e de.

In the near-field integral, the power is calculated out to the reflector

edge associated with each azimuthal angle. The cumulative power thru each in-

tegration grid is output along with the average value of the edge-angle of the

integration grid. Power is also calculated for any section of the integration

grid which lies beyond the reflector edge, thus allowing the spillover ef-

ficiency to be determined, if desired.

The far-field power integral can only be evaluated out to a constant polar

angle. For the far-field incident pattern of SCAT, this angle is the average

of the average edge-angles computed in the near-field case. For the scattered
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pattern in SCAT and the patterns in the SWE program, the angle thru which the

power is calculated is READ in by the programs.

The power contribution between two polar angles on the grid is evaluated

at the midpoint of the angles:

1
AP = [1E0012 + E(0 2 ) 1 2

] • sin

When the integration limit lies between grid values, AP is linearly scaled to

the limit value. For the incident and SWE patterns, AP is doubled for each

anulus because the pattern is actually that of a half-beam.

D. Field interpolation. 

To accurately represent an input pattern, the SWE program requires values

to be input at least every 0.25° or 0.5° in polar angle. Since most patterns

are reasonably "smooth" thru the first 20 dB or so, points are input to the pro-

gram every 1.0
0
 or 2.0

0
 and a linear interpolation is used to include points

every 0.25° or 0.5°, respectively. To better represent the rounded beam peak,

the first three interpolated values (i.e., .25, .5, .75, or .5, 1.0, 1.5) have

a perturbation added to the interpolation.

The maximum number of points MAINOR can handle in computations is 121.

Therefore, the maximum number of input points is 31 (e.g., 0° thru 30
0
, every

1.0°).

III. Input Variables and Their Formats 

For both programs this section lists the input variables, gives a brief

description of each variable, provides a concise table of inputs and their

formats, and lists the output produced by the program.



A. SWE program. 

1. In ut variables descriptions:

Angles and phase are in degrees. All inputs read-in by MAIN.

NAMEJ - Alphanumeric: Use to identify program;
72 characters.

MCOMP Order of azimuthal variation; usually = 1.

LMAX - Maximum mode order, 80; usually (k, 70.

NAME - Alphanumeric: Use to identify reflector, pattern,
etc.

JIN - Number of pattern points used in program, 121;
= 4* (actual number of card inputs - 1) + 1.

Id1 - If 0, convert input field from dB to volts.

IC2 - If > 0, set input field phase to zero.

IC3 - If > 0, compute pattern from equations inserted

IC4 - If > 0, E and H plane patterns are identical;
input only E plane.

NDISK - Pattern parameter: = 1 if values are to be input
from cards; = 2 if values are read from disk data
set (#12).

IPLANE - Specifies plane: = 1 if E plane power is calculated
and E plane pattern is plotted; = 2 for H-plane.

IPLOT1 - Input pattern print-out parameter: = 1 for a plot;
= -1 for numerical values; = -11 for both; = 0 for
neither.

IPLOT2 - Output (SWE) pattern print-out parameter: Same as
IPLOT1.

TEDGE - Polar angle thru which power flow is calculated.

T(J) - Polar angle of input pattern values.

E(J), H(J) - E, H-plane input pattern amplitude.

EP(J), HP(J) - E, H-plane input pattern phase.

JMAX0 - = 180/A0 + 1, where AO is desired output increment
of the output (SWE) pattern; typically = 181.

JOUT Number of output points starting with 0 = 0°;
typically = 91.
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. Table of in uts and their formats.

Card No. Variables Format 

1 NAMEJ 18A4

2 MCOMP, LMAX 215

3 NAME 18A4

4 JIN, IC1, IC2, IC3, IC4, NDISK 615

5 IPLANE, IPLOT1, IPLOT2 315

6 TEDGE F10.5

IC45.0: T(1), E(1), EP(1), H(1), HP(1) 5F10.5
7

IC4>0: T(1), E(1), EP(1) 3F10.5

If
NDISK • IC4S0: T(JIN), etc. 5F10.5

=1 JW + 6
IC4>0: T(JIN), etc. 3F10.5

JIN + 7 JMAXO, JOUT 215

(-No NAMEJ (18A4)
/ cards:

If 15a.ta T(1), E(1), EP(1) (3F10.5)

NDISK read

(#12) j T(JIN), etc. (3F10.5)

7 JMAXO, JOUT 215

3. SWE program print-out. 

.11■11.1.1.
 Two alphanumeric statements.

•••••

 Input pattern: plot or numberical values.
■■••
 Power in input pattern.
Real and imaginary values of SWE coefficients.
Fraction of total mode power in the coefficients

for each mode order.
Total coefficient mode power (not related to com-
puted power in pattern).

Output pattern (far-field of SWE): plot or
numerical values.

Power in output pattern.

. 2 from
! computerf
: disk
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B. SCAT Program. 

1 Iniut variable descri tions. 

All linear measures are in meters; all angles are in degrees.

Parentheses indicate which subroutine is reading in data.

(MAIN)

TITLE

NDISK

PC

Alphanumeric: describe reflector, wavelength, etc.,
72 characters.

- disk writing parameter: = 1 if 1st half of scattered
values are to be stored in a disk data set; = 2 for
2nd half of pattern; = 0 if no values are to be stored.

- phase constant = 2ff/X

XT, YT, ZT - translation to expected phase center of scattered
pattern.

ALPHA - used as a reflector rotation parameter when surface
is specified analytically; set to 0.0 if not needed.

RHOO - distance to the reflector at 0 = 00.

THETA0

- 

used as an edge parameter when theta-edge is specified
analytically; set to 0.0 if not needed.

(SETUP)

JMAX - number of 0 values in output grid; 361.

TT1 - initial 0 value.

DTT - 0 increment, usually = 1.0°.

KMAX - number of (I) values in output grid; 5. 46.

PP1 - initial (I) value.

DPP - (I) increment.

NG1 - number of integration grids, 21.

/4M(I) - number of 0 values on Ith integration grid; E 36.

Ti - initial 8 value.

DT - 0 increment, typically between 0.2° and 1.0°.
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NN(I) - number of (P values on Ith integration grid; 91.

P1 - initial (P value.

DP q) increment, typically between 2° and 100.

(Note: Subroutine EPLOT and the power calculations assume that DT and

DP are constant within an integration grid, and that DTT is

constant for the output grid.)

NAME

LMAX

MCOMP

NAME

(FIELDS)

- alphanumberic: identify SWE program.

- maximum mode order.

- order of azimuthal variation.

- alphanumeric: identify reflector, pattern, etc.

- 1 to LMAX.

A(J,1), A(J,2) - real and imaginary components of SWE "A" coefficients.

B(J,1), B(J,2) - real and imaginary components of SWE "B" coefficients.

(MAIN)

IEDGE - reflector parameter used to determine if and how pro-
gram obtains the reflector edge-values of 0. Cases:

0 - calculate values using equations inserted in
EDGEEQ . READ in 1 value, TEDGE1, to be used in
equations.

= 0 - e at edge is a constant. READ 1 value, TEDGE(1).

= 11 - edge will not be encountered on present integra-
tion grid. READ no values.

> 0 — e at edge is in tabular form and is read in for
each q) on the integration grid. READ in NMAX
values.

TEDGE(N) - edge value of e. Read in either NMAX, 1, or no values.
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(SURF)

ISURF

- 

reflector parameter used to determine how p(0,),
Dp/DO (0,4), and Dp/a(I) (O M are obtained. Cases:

< 0 - p, Dp/M, ap/4 all determined analytically
(0 -2

from equations in SURF. READ no values.

= -2 - p determined from equations; derivatives
numerically computed. READ no values.

p is in tabular form and is a function of 0;
derivatives numerically computed. READ MMAX
values.

0 - p is in tabular form and is a function of e
and (P; derivatives numerically computed.
READ MMAX x NMAX values.

F(M, N) - p(04). READ either MMAX x NMAX, MMAX, or no values.

(MAIN)

NIPLOT - near-field incident pattern parameter:

= 1, 2, 3 - plot H ( 0
40), 11 0 (8,(1) 0 ), H

respectively.

= 0 - no plot.

PHIPLT

- (

po used with NIPLOT: (po must be on present integra-
tion grid segment.

FIPLOT - far-field incident pattern parameter:

= 1 - plot E (0 (1) 0 ) = Y component.Y '

= 2, 3 - plot E0 (0,01.
0 ), E4)(0,1)0), respectively.

= -1 - numerical values listed.

= 0 - neither plot nor numerical values.

FSPLOT - far-field scattered pattern parameter.
(Same as FIPLOT.)

TEDGEA - half-angle from beam center, thru which power in
scattered pattern is computed.

,
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2. Table of inputs and their formats. 

A dash (-) in the Card No. column indicates that the card number is

not known or is difficult to determine.

Card No. Variables Format

1 TITLE 18A4

2 ND1SK 15

3 PC, XT, YT, ZT, ALPHA, RHOO, THETA0 7F10.4

4 JMAX, TT1, DTT 15, 2F10.2

5 KMAX, PP1, DPP 15, 2F10.2

6 NG1 15

7 MM(1), Tl, DT 15, 2F10.2

8 NN(1), Pl, DP 15, 2F10.2

2NG1 + 5 MM(NG1), Ti, DT 15, 2F10.2

2NG1 + 6 NN(NG1), Pl, DP 15, 2F10.2

NO CARDS: NAME (18A4)

Data LMAX, MCOMP (I5)

read NAME (18A4)

from 1, A(1,1), A(1,2), B(14), B(1,2) (15, 2E17.8, 2X, 2E17.8)

computer
LMAX, A(LMAX,1), A(LMAX,2) (15, 2E17.8, 2X, 2E17.8)

disk
(#9). _B(LMAX,1), B(LMAX,2)

IEDGE 15
Read
for
each TEDGE(N) (NMAX, 1, or no cards) 7(1X,F9.5)
inte-
gral- 1SURF 15
tion
grid.
Repeat F(M,N) (MMAK X NMAX, MAX or no cards) 7(1X,F9.5)
NG1
times.

NIPLOT, PHIPLT, FIPLOT, FSPLOT 15,F7.2,215

TEDGEA F10.4



For
each
inte-
gra-
tion
grid.

For
each

•■•■•

3. SCAT program print-out. 

11

2 alphanumeric statements followed by propa-

gation constant.

0 and q) for each integration grid segment.

integration grid number and value of IEDGE.

if edge is to be encountered, list of 0-edge

and p-edge as functions of

integration grid number and value of ISURF.

plot of near-field of incident pattern.

near-field incident pattern power.

far-field of incident pattern: plot or numbers.

far-field incident pattern power.

phase center translations, scale factor (set
to 1.0).

For far-field of scattered pattern: plot or numbers.
each

(1). -- far-field scattered pattern power.

C. Submitting a job and organization of JCL. 

The SCAT and SWE programs have been run on the IBM 4341 computer located

in Charlottesville. The operating system used is called Pandora; blocks of

program code (e.g., subroutines) are stored under various Pandora member names

(PMNs).

To submit a job with the Pandora system, the SUBMIT command is used fol-

lowed by the Pandora members making up the program and data. All the Pandora

members (except EPLOT, which is just the plotting routine) have already been

described in EDIR #221.

The submit command for the SWE program is SUBMIT_JCLSWE MAINOR_EPLOT_

LVM DATASWE.
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The JCL and the actual subroutines submitted are shown below. The PMN

for a subroutine or block of subroutines is shown in the left-hand column.

JCL and Subroutines 

//SWAVE JOB (userI.D.),user name,MSGLEVEL=(2,0),

CLASS=L,TIME=1

/*ROUTE PRINT REMOTE1

// EXEC FORTGCLG,ERROR=E,PARM.FORT=ID

//FORT.SYSPRINT DD DUMMY

//FORT.SYSIN DD *

MAINOR [ MAIN

EPLOT [ Subroutine EPLOT

Subroutines LEGEND, VECTOR, MULT

//LKED.SYSPRINT DD DUMMY
LVM

//GO.FTO9F001 DD DSN=user name.DATA,DISP=SHR

//GO.FT12F001 DD DSN=user name.DSCAT,DISP=SHR

//GO.SYSIN DD *

DATASWE
F DATASWE

/*

A CLASS = L job uses a 216 K byte memory partition, double the size of a

standard partition. The SWE program could be reduced to a standard partition

by (carefully) reducing array sizes. If this is done, the corresponding di-

mentions in the CALL MULT statements in MAINOR must be changed along with the

array dimensions in several subroutines.

For both SWE and SCAT jobs the TIME parameter is in (CPU) minutes.

PMN
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The submit command for the SCAT program is

SUBMIT JCLSCAT MAIN1SC EPLOT SSURF FINT SFPVSALD DATASCAT__ __ __ __  

The JCL and subroutine structure is as follows:

PMN JCL and Subroutines

//SCAT JOB (userI.D.),user name,MSGLEVEL=(2,0),

CLASS=0,TIME=user set

JCLSCAT

Same as last 4 lines of JCLSWE

MAIN1SC

EPLOT

SSURF

FINT

SFPVSALD

MAIN

Subroutine EPLOT

Subroutine SURF

Subroutine FINT

Subroutines SETUP, FIELDS, PATHL, VECTOR, SPHANK, ADJUST,

LEGEND, DIFF

•••••

_ _ _ _ Same 5 lines of JCL as at end of member LVM

DATASCAT

/*
DATASCAT

A CLASS = 0 job is an extra large partition of 880 K bytes. SCAT (between

300 and 400 K bytes) could be reduced to an L job by reducing the array dimen-

sions of the output grid and the integration grid, if necessary, and by decreas-

ing the number of allowable integration grids. Note that the array dimensions

in several subroutines must be changed.
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D. Creating and listing disk data sets. 

The following JCL is used to create a sequential data set on the computer

disk.

//CREATEDS JOB (userI.D.),user name,CLASS=Q,

MSGLEVEL=1

/*ROUTE PRINT REMOTE1

//NEWFILE EXEC PGM= (,CATLG),DSN=user name.DATA

or DSCAT,UNIT=3300,SPACE=(CYL,(1,1)),

DCB=(RECFM=FB,LRECL=80,BLKSIZE=1600).

To list the contents of a data set:

//LIST JOB (userI.D.),user name,CLASS=Q,MSGLEVEL=1

/*ROUTE PRINT REMOTE1_-

// EXEC LIST

//SYSIN DD DSN=user name.DATA or DSCAT,DISP=SHR

Only the aobve JCL need be submitted to perform the desired task.
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Iv. Changed and Additional Program Code.
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